The charging energy of a small superconducting island containing Majorana zero modes -a Majorana Cooper-pair box -induces interactions between the Majorana zero modes. In this manuscript, we investigate a chain of Majorana Cooper-pair boxes, and theoretically demonstrate the emergence of supersymmetry in the strong charging energy regime. A mapping between the Majorana zero modes and spin-1 degrees of freedom results in an effective Blume-Capel model, known for exhibiting an emergent supersymmetry at a non-trivial critical point with central charge c = 7/10. We corroborate our findings by mapping the chain to a supersymmetric low energy field theory, exhibiting the same central charge at criticality. The microscopic model we propose consists of local tunneling of Majorana zero modes and local charging energy terms, which can be controlled by gate potentials, thus making its realization more feasible.
Introduction -Majorana zero modes (MZMs) consisting of an equal superposition of electrons and holes have been tremendously important in condensed matter physics. They shed light on new aspects of physics, such as topological phases of matter [1] and non-Abelian statistics [2] . In recent years, considerable theoretical and experimental efforts have been devoted to realizations of MZMs on the ends of topological nanowires [3] [4] [5] [6] [7] [8] [9] . Remarkably, signatures of MZMs has been reported in experiments exhibiting charging effect [10] (for a recent review see [11] ).
When interactions between MZMs are present, exotic fractional phases may arise. Well-known examples are the Z 2 spin liquid state [12] and Z 8 topological phases [13, 14] . A fruitful playground for studying such interacting MZMs systems is the Majorana Cooper-pair box (MCB) [15] . A MCB comprises superconducting island (a.k.a. Cooper-pair box) and MZMs residing on the island.
The conventional Cooper-pair box has been intensively studied for theoretical and practical purposes (see [16] and references therein). One of the intriguing results is that a qubit state can be generated by tuning the charging energy and the Josephson coupling [17] . Moreover, this qubit state resembles a quantum state of spin-1/2, allowing one to map a one-dimensional array of Cooperpair boxes to the XXZ spin chain [18] . Due to the presence of the MZMs, a MCB has additional degrees of freedom compared to conventional Cooper-pair boxes. Therefore, one may expect an even richer physics in the MCB case.
In Ref. [19] , a MCB hosting six MZMs (the so-called hexon) was proposed as a basic element for constructing the one-dimensional transverse field Ising spin chain and the two-dimensional Yao-Kivelson model [20] , in the strong charging energy regime. Furthermore, by tuning various parameters, it was possible to show that an Ising fixed point, described by a 1 + 1-dimensional conformal field theory [21] (CFT) with central charge c = 1/2, is stabilized. The purpose of this paper is to go beyond the work presented in [19] , and demonstrate that a similar chain of MCBs gives rise to a more exotic critical point, described by a superconformal field theory (SCFT) with central charge c = 7/10, and thus experiences an emergent supersymmetry (SUSY).
There are several models which manifest a fixed point descirbed by SCFT with c = 7/10. One classic example is the Blume-Capel (BC) model [22, 23] . By a-classicalto-quantum mapping [24] , the two-dimensional classical BC model is mapped onto a one-dimensional quantum model, given by the Hamiltonian
where S j z,(x) are spin-1 operators along the z (x) axis at site j. The BC phase diagram is special as it has a first order transition line that meets a second order line at a tri-critical fixed point. We can understand the phase diagram using the following considerations. In the limit δ → −∞, the S z = 0 state becomes highly excited and only the two states with S z = ±1 contribute at low energies. These two degenerate states can be regarded as an effective spin-1/2 degree of freedom, resulting in a model that resembles the spin-1/2 transverse field Ising model. Indeed, a ferromagnetic order due to the third term, −JS j z S j+1 z is competing with the transverse field, αS j x which favors a disordered phase -giving rise to the second order phase transition. For α = 0 and δ > 0, there are two possible phases, a ferromagnetic one and the phase with S j z = 0. These phases are separated by a first order phase transition [23] . At the tri-critical fixed point connecting the first-and second-order lines, a CFT with c = 7/10 emerges [25] . This CFT is further known to possess N = 1 SUSY [26] . Indeed, numerical studies confirmed the existence of a tri-critical fixed point for finite α and δ [27, 28] .
In this paper, we focus on an array of MCBs, and use two distinct approaches to demonstrate the emergence of a c = 7/10 CFT, characterized by SUSY. In the first approach, we explicitly construct the BC model from a chain of MCBs. In the second approach, we focus on the low-energy continuum limit, and construct an effective field theory. The latter will be shown to be described by a super Landau-Ginzburg (LG) action which exhibits the same universality as the SCFT with c = 7/10 [29] .
Previous works already discussed the possibility of the emergent SUSY in interacting MZM systems [30] [31] [32] . The proposal here is based on a concrete microscopic model, requiring only local couplings of MZMs and charging energy, which can be controlled by gates and therefore may be more feasible in reality.
The Majorana Cooper-pair Box (MCB) chain -Throughout this paper, we focus on the case of MCBs consisting of six MZMs in a Copper-pair box -an hexon. For other configurations of MZMs on a MCB, such as 'tetron' (four MZMs), see for example Refs. [15, 33] . We consider placing three semiconducting nanowires, labeled by the index p = x, y, z, on top of the superconducting island, see Fig. 1(a) . Assuming these nanowires are proximity coupled to the superconducting island, under application of a magnetic field parallel to the wires, each nanowire hosts two MZMs on its ends. These two MZMs can accommodate a fermion. Introducing the six Majorana operators a p , b p , obeying the anti-commutation relations {a p , a q } = {b p , b q } = δ p,q [3] [4] [5] , we denote the annihilation operator of these fermions by We describe a system consisting of a one-dimensional array of MCBs with six MZMs each using the Hamilto-
Here, the superscript j labels the j-th MCB, U is the charging energy of the box,n j g represents the number of a charge which takes continuous value controlled by a gate potential on each box,N j c is the number operator of Cooper-pairs in the box, and finallyn
is the number of fermions occupying the MZMs. The Hamiltonian H 0 describes a generic local (real) couplings between the MZMs whose sign and magnitude are controlled by tunable physical parameters such as gate potentials.
Construction of the Blume-Capel (BC) modelWe now present the first approach to obtain the emergent SUSY, in which we construct the BC model given in Eq. (1). We begin with the Hamiltonian H = H U + H 0 defined in Eqs. (2) and (3), and set the (real) couplings in H 0 as t
′ , with all other couplings set to zero (See Fig. 1(b) ). Below, we will see how this Hamiltonian reproduces the BC model when U ≫ t 
It is straightforward to check that Eq. (4) satisfies the spin-1/2 algebra. That is, (s
, with ǫ pqk being the anti-symmetric tensor. Due to the strong charging energy, U , the number of pairs in each MCB is fixed, leading to a constraint on the total Z 2 fermion parity of each hexon. Such constraint reads as
This constraint ensures that the total number of states in each hexon is four, which is identical to the number of states of two spin-1/2 degrees of freedom. A key step of our construction is to project out singlet state of the total spin S (6) and setting λ > 0. To see this, we note that the norm of the total spin is written as S j · S j = 2 + 2s
using Eq. (4) and the constraint in Eq. (5), we find:
Therefore, we have
Increasing λ, the spin-1 (spin-triplet) states become energetically favored. Thus, focusing on low energies, the spin-singlet state is projected out. Below, we use S j to denote spin-1 operators.
Having a spin-1 degree of freedom on each box, we can reproduce the BC model of Eq. (1) using a chain of MCBs. The first term of the BC model is obtained by
Indeed, ia
2 is realized by
, where the last equality follows from the Z 2 parity constraint in Eq. (5).
To reproduce the last term of the BC model, S j z S j+1 z , we consider small magnitude of couplings of MZMs between adjacent islands:
Due to the strong charging energy, these couplings are regarded as a perturbation. Using a Schrieffer-Wolff transformation [34] , we obtain the following Hamiltonian, which is further mapped to the last term of the BC model after the projection to the spin-1 states:
where J = t ′ 2 /2U . For derivation of the last relation, see supplemental material [35] .
The terms in Eqs. (7), (8) , and (9) establish the mapping between the chain of MCBs and the BC spin-1 model. We emphasize again that the parameters α, δ, and J = t ′2 /(2U ) in Eq. (1) are tunable by local gates controlling the MZMs couplings in our model. It was found numerically [28] that for α/J ≃ 0.9 and δ/J ≃ 0.4, the phase of the MCBs reaches the tri-critical fixed point. At this point, SUSY emerges and the long distance behavior of the BC model is characterized by SCFT with central charge c = 7/10 [26] . (11), which is analyzed using a field theoretical approach.
Field theoretical approach -We move on to show that SUSY emerges in the MCB chain using a field theoretical approach. Similarly to the first approach, where we explicitly mapped the system onto spin models, we assume that the charging energy is larger than a typical coupling between the MZMs. We start with the model Hamiltonian in Eqs. (2) 
The Hamiltonian in Eq. (10) describes three critical 'Majorana chains' yielding three left and right moving Majorana fields at low energies. To obtain a continuum low energy description, we use the standard approach [36] and replace the MZM operators a Transforming the fields to a 'chiral basis' via
where η pR/L denotes right/left moving Majorana field, H t and the Hamiltonian density from Eq. (11), H h becomes
1 The velocity t here is formally scaled by the lattice constant compared to the energy t in Eq. (10) . In order to keep the notation simple, we omit this scaling factor.
Setting the velocity to be t = 1, and defining the Majorana spinor ψ p = (η pR , η pL ) T , and the Dirac gamma matrices γ 0 = σ y , γ 1 = iσ x (where σ x,y denotes the 2 × 2 Pauli matrices), we get the 1 + 1 dimensional Lagrangian density
For U ≫ t we can perform the Villain approximation, yielding the following interacting term in the Lagrangian:
where g relates to U in Eq. (2) by g ≃ 1 32 U . 2 The derivation of Eq. (13) is given in the supplemental material [35] . We note that if h = 0, Eq. (12) and Eq. (13) form the Gross-Neveu model [37] .
To analyze the effect of the term proportional to h on the Gross-Neveu model, we implement the bosonization procedure. To do so, we form a fermion out of η yR/L and η zR/L , which is then bosonized:
where Ψ R/L and φ R/L indicate a right/left moving Dirac and boson fields, respectively. An important consequence of the bosonized formulation is that we obtain one bosonic field and one Majorana (real fermion) field . This hints at the possibility of SUSY, where the number of bosonic degrees of freedom is equal to the fermionic one. Denoting ψ x → ψ, we find the Lagrangian density
with
To complete our analysis, we assume further that h and g are positive and h ∼ g ≫ 1. Focusing on low energies, we can thus expand the boson field around the minimum of the Hamiltonian (or the maximum of the Lagrangian), ϕ ≃ +φ, resulting in the expanded Lagrangian density
2 By the Villain approximation, the interacting term is induced in
in the Hamiltonian f ormalism. The minus sign of g is inverted when employing the Lagrangian formalism, which leads to Eq. (13) . See the supplementary material for details [35] .
where v = 2π √ 4π. Remarkably, Eq. (18) is identical to the N = 1 super LG action. The relation to the super LG action can be obtained explicitly by considering the SUSY model
where Φ is the superfield defined by Φ =φ+θψ+ 1 2θ θF , D represents covariant derivative in superspace, and W (Φ) describes superpotential which is a polynomial function of Φ [38] . In our case, W (Φ) is given by
Ref. [29] showed that at long distances, the super LG action with a super potential W (Φ) ≃ Φ m (m = 2, 3, · · · ) exhibits a supersymmetric analog of the minimal models, characterized by central charge c = (18) effectively manifests an emergent SUSY described by a SCFT with c = 7/10.
While we chose g = π/2 and h = π above, we can instead follow Ref. [39] and realize an identical SCFT for generic values of g by tuning h properly. Indeed,
which is again equivalent to the super LG theory with the superpotential W (Φ) = u ) and ( ), respectively. 3 The definition of θ,θ, D, F and an explicit derivation of the equivalence between the models in Eq. (18), Eq. (19) and Eq. (20) is provided in the supplemental material [35] .
Stability of the emergent SUSY to local perturbations -We can analyze the stability of the emergent SUSY using knowledge of the operator content of the SCFT. We focus on the case of the BC model. Suppose the BC model (constructed from the MCBs) is tuned to the tri-critical fixed point, i.e., (α, δ) = (α c , δ c ) (α c ≃ 0.9, δ c ≃ 0.4 with J being unity). We introduce a small deviation of (α, δ) from the critical value, (α, δ) → (α + κ α , δ + κ δ ) at specific site of the MCBs, j = j 0 . Here, κ α/δ represents an infinitesimal deviation. Consider shifting the parameters (α, δ) tangentially (orthogonally) to the phase transition line at the tricritical fixed point, see, Fig. 3 . Such a deviation can be done through a linear combination of S j0 x and (S j0 z )
2 , as these two terms are realized by local couplings of MZMs in the MCBs.
At low energies, this situation can be described by a c = 7/10 CFT which is perturbed by its primary fields. Moreover, the deviation of the parameters in the tangential (orthogonal) direction yields a perturbation given by a product of holomorphic and antiholomorphic primary fields of the form [40, 41] . Our consideration here is reminiscent of the localization problem of a single local impurity in a Luttinger liquid [42] . Similarly to this problem, we can judge whether the perturbation is relevant or not by following renormalization group equation: 
), the c = 7/10 fixed point, and thus the emergent SUSY, is robust (sensitive) with respect to the tangential (orthogonal) perturbation.
In summary, we have introduced a chain of Majorana Cooper-pair Boxes (MBCs) each of which has six Majorana zero modes (MZM), forming an 'hexon'. We mapped the system onto a spin-1 (Blume-Capel) model and a generalized Gross-Neveu model, and demonstrated that a supersymmetric critical point with central charge c = 7/10 emerges. It would be interesting to extend our considerations to the two-dimensional case through a wire construction. One can expect a two-dimensional topological phase with a chiral edge mode carrying central charge c = 7/10. Such a phase supports universal quantum computation [2] . This analysis is left to future projects.
We In Sec. B, we prove the last relation in Eq. (9) . In Sec. C, we see that the charging energy yields the interacting term of Majorana fields in Eq. (13) in the continuum low energy regime. In Sec. D, we give a brief explanation about the superspace and superfield introduced in the main text to derive Eq. (18) and Eq. (19) . Finally, in Sec. E, we derive Eq. (20) .
A: CHARGING ENERGY
In this section, we see how the condition of the Z 2 fermion parity, Eq. (5) in the main text is derived in the strong charging energy regime. Consider an array of MCBs and start with the Hamiltonian H = H U + H 0 defined in Eqs. (2)(3). For convenience, we show H U here again:
where U is the charging energy of the box,n . For simplicity, we set β to be unity. In the case of the strong charging energy, U , we use the Villain approximation [43] to find
Therefore, we obtain an effective Hamiltonian, reading
D: SUPERSYMMETRY
In this section, we breifly review the superfield and superspace. For more detailed explanation about these subjects, the readers shuld consult with a standard textbook of supersmmetry, e.g., Ref. [44] .
We focus on the two-dimensional N = 1 superspace formalism, where N labels the number of superpartners, i.e., the number of pairs of bosons and fermions. In this formalism, superspace is a collection of points described by coordinate (x µ , θ α ,θ α ), where x µ (µ = 0, 1) denotes two-dimensional bosonic coordinates, θ α andθ α (α = 1, 2) represents two-dimensional the Majorana spinor and its conjugate. Supersymmetry transformation which exchanges boson and fermion can be implemented by a translation in the superspace:
where ε is an infinitesimal Majorana spinor and γ µ is the Dirac Gamma matrix in two-dimension. A generator of this translation is given by
Eq. (39) is called supercharge satisfying supersymmetric algebra: {Q α ,Q β } = −2iγ µ αβ ∂ µ . A superfiled Φ is defined in the superspace which is a power series of θ andθ [38] :
where φ, χ, and F indicates a scalar, the Majorana spinor, and an auxiliary field to be eliminated by an equation of motion, respectively. Note that in the power series expansion, terms proportional to ∼ θ AθB (A, B ≥ 2) vanish due to the fermi statistics. The supercharge defined in Eq. (39) acts on the superfiled Φ by δΦ =εQΦ.
If we set F = 0, corresponding to a free theory of one boson and one fermion, then the transformation of (41) gives in component δφ =εχ (42) δχ = −iγ µ ε∂ µ φ,
implying boson and fermion are interchanged after the transformation. To write a supersymmetric Lagrangian, we introduce a covariant derivative in the superspace as D α = ∂ ∂θα − i∂ µ (γ µ θ) α which preserves the supersymmetry transformation due to the relation D α (εQ) = (εQ)D α . Generic form of the supersymmetric Lagrangian is described by
where W (Φ) is a superpotential which is an arbitrary function of the superfield Φ, and d 2 θ represents the Grassmann integration satisfying d 2 θ(θθ) = 2. After the Grassmann integration, L SUSY is rewritten as
To see this, expand W (Φ) as 
